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Abstract
We find an infinite family of 4D N = 2 interacting superconformal field theories which enter
the description of the strong-coupling limit of SU(2N + 1) gauge theories with hypermulti-
plets in the ∧2()+Sym2() . These theories arise from the compactification of the 6D (2, 0)
theory of type A2N on a sphere with two full twisted punctures and one minimal untwisted
puncture. For N = 1, this theory is the “new” rank-1 SCFT with ∆(u) = 3 of Argyres and
Wittig. Using the superconformal index, we finally pin down the properties of this theory.
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1. Introduction
In [1,2], it was shown that one can construct and systematically understand S-duality for a
large family of 4D N = 2 superconformal field theories by realizing them as the compact-
ification of a 6D (2, 0) theory on a punctured Riemann surface, C. This construction has
lead to the discovery of a large number of new N = 2 interacting SCFTs in four dimensions,
which are isolated fixed points of the renormalization group with no known Lagrangian de-
scription [2,3,4,5,6,7,8]. A subset of these are especially interesting as (when some subgroup
of their global symmetry group is weakly gauged) they describe the strong-coupling limits
of ordinary N = 2 theories of vector and hypermultiplets.
In this paper, we consider the strong-coupling limit of SU(2N + 1) gauge theory with
hypermultiplets in the 1
( )
+ 1
( )
. We find the following S-duality for this theory
SU(2N + 1) + 1
( )
+ 1
( ) ' Sp(N) +R2,2N (1)
where R2,2N , N ≥ 1, belongs to a family of interacting SCFTs with the following graded
Coulomb branch dimensions, trace anomaly coefficients, and global symmetry:
{d2, d3, d4, d5, . . . , d2N , d2N+1} (a, c) Gglobal
R2,2N {0, 1, 0, 1, . . . , 0, 1} (1+19N+14N224 , 1+10N+8N
2
12
) Sp(2N)2N+2 × U(1)
The proposed duality (1) is analogous to the duality
SU(2N) + 1
( )
+ 1
( ) ' Spin(2N + 1) +R2,2N−1
discussed1 in §3.5.4 of [9]. However the R2,2N series of SCFTs is new.
The strong-coupling limit of SU(3) + 1(3) + 1(6) was considered by Argyres and Wittig
in [10]. They conjectured that this theory is dual to an SU(2) gauge theory with n ≤ 3
fundamental hypermultiplets, coupled to a new rank 1 interacting SCFT. This S-duality
alone does not fix n, and the properties of this theory have remained only partially-known.
In [5], we gave a 6D realization of this S-duality, which is given by taking N = 1 in the figure
below. From this construction, the properties of the holomorphic moment map operators
for the flavor symmetry of the two twisted punctures imply that n = 0 [5,11]. In the
following, we will provide independent evidence that n = 0 using the superconformal index.
In addition, we will use the index to determine the enhanced global symmetry of the SCFT,
and generalize this duality to arbitrary N .
1The R2,2N−1 series of SCFTs, which have global symmetry Spin(4N + 2)4N−2 × U(1) also play a role
in the dualities [3]
SU(2N − 1) + 4()+ 2( ) ' Sp(N − 1) + 1()+R2,2N−1
SU(2N) + 4
(

)
+ 2
( )
' Sp(N) + 3()+R2,2N−1
1
The main tool in our analysis is the Hall-Littlewood limit of the superconformal index
[12,13,14]. In this limit, the superconformal index is equivalent to the Coulomb branch
Hilbert series of the 3D mirror of the (2, 0) theory on C ×S1 [15,16]. The 3D interpretation
allows us to easily obtain the formula for the index of a fixture with twisted A2N punctures,
following [17,18]. The result is (6).
To construct the R2,2N theories, we consider compactifications of the A2N (2, 0) theory
in the presence of Z2 outer-automorphism twists2. As discussed in [24], these twists are
particularly subtle, and we do not yet understand them well enough to attempt a systematic
classification of the 4D theories which arise in this way. Nevertheless, our current level of
understanding is sufficient to use them for our purposes here.
2. S-duality of SU(2N + 1) + ∧2() + Sym2()
The 4D N = 2 SU(2N + 1) gauge theory with hypermultiplets in the 1
( )
+ 1
( )
can
be constructed as follows [5]. The A2N (2, 0) theory compactified on a fixture with two
full punctures and one minimal puncture gives rise to a free bifundamental hypermultiplet
of SU(2N + 1). One can gauge the diagonal SU(2N + 1) flavor symmetry of the two full
punctures by connecting them by a cylinder with a Z2 twist line around it, to obtain a one-
punctured torus, with a twist line around the a-cycle. This is shown on the left in the figure
below. The Z2-twist line acts as complex conjugation on one of the SU(2N + 1) factors,
giving rise to hypermultiplets in the tensor product representation ⊗ = + .
The S-dual theory is obtained by exchanging the a- and b-cycles of the torus. The
resulting theory can be seen to arise by compactifying the A2N theory on a fixture with a
minimal untwisted puncture and two full twisted punctures, and connecting the two twisted
punctures by a cylinder with a twist line running along it. This is shown on the right in the
figure below. We expect this to give rise to an Sp(N) gauge theory coupled to an interacting
SCFT, possibly with n additional hypermultiplets.
2Outer-automorphism twists of type A2N−1, DN , and E6 have been studied in [5,6,19,20,21,22,23].
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SU(2N + 1)
Sp(N)
[2N, 1][2N, 1]
[2N, 1] [2N, 1]
[12N]
[12N+1]
[12N+1]
[12N]
In the following, we will use the superconformal index to show that n = 0, and that the
manifest Sp(N)2N+2 × Sp(N)2N+2 × U(1) global symmetry of the interacting SCFT is en-
hanced to Sp(2N)2N+2 ×U(1). The graded Coulomb branch dimensions and trace anomaly
coefficients of the SCFT then follow from S-duality.
3. The Argyres-Wittig SCFT
3.1. Global symmetry enhancement
We begin by considering the case of N = 1. The fixture on the right in the figure above then
has a manifest SU(2)4×SU(2)4×U(1) subgroup of its global symmetry group, which could
be enhanced. We will now use the superconformal index to show that this fixture contains
an interacting SCFT with no additional free hypermultiplets, and that the global symmetry
of the SCFT is enhanced to Sp(2)4 × U(1).
We assume that the superconformal index for this fixture has the same general structure
one always finds for a 3-punctured sphere, namely3
I(ai; τ) =
∞∑
λ=0
∏2
i=1K(ai)P λSU(2)(ai; τ)K(a3)P (2λ,λ)SU(3) (a3; τ)
KρP (2λ,λ)SU(3) (aρ; τ)
(2)
Assigning fugacities to each puncture, this becomes
3The various parts of this formula have been explained many times in the references above. See, e.g.,
[25].
3
I(ai; τ) = (1− τ
2)(1− τ 4)(1− τ 6)
(1− τ 2)3(1− τ 2a±21 )(1− τ 2a±22 )(1− τ 3a±33 )(1− τ 4)
×
(
1 + τ 2 +
∞∑
λ=1
P λSU(2)(a1, a
−1
1 ; τ)P
λ
SU(2)(a2, a
−1
2 ; τ)P
(2λ,λ)
SU(3) (a3τ, a3τ
−1, a−23 ; τ)
P
(2λ,λ)
SU(3) (τ
2, 1, τ−2; τ)
)
= 1 + (1 + χ10Sp(2)(a1, a2))τ
2 + . . .
where
χ10Sp(2)(a1, a2) = χ
3
SU(2)(a1) + χ
3
SU(2)(a2) + χ
2
SU(2)(a1)χ
2
SU(2)(a2). (3)
The coefficient of τ is zero, indicating that the fixture contains no additional free hyper-
multiplets. The coefficient of τ 2 is therefore the character of the adjoint representation of
the global symmetry group of the SCFT, which is enhanced to Sp(2) × U(1). Since the
embedding (3) has index 1, the level of Sp(2) is k = 4.
Setting a1 = a2 = a3 = 1, we can sum (2) to obtain
I = 1 + 2τ + 8τ
2 + 20τ 3 + 41τ 4 + 62τ 5 + 87τ 6 + 96τ 7 + · · · (palindrome) · · ·+ τ 14
(1− τ)8(1 + τ)6(1 + τ + τ 2)4 .
This expression takes the expected form (see, e.g., [26]), and the order of the pole at τ = 1
gives the complex dimension of the 4D Higgs branch, which agrees with the answer obtained
from S-duality [3,9]
dimCH = 48(c− a) = 48
(
19
12
− 17
12
)
= 8.
3.2. Argyres-Wittig duality
As a further check on the validity of our computation, we compare the index on both sides
of the S-duality
SU(3) + 1(3) + 1(6) ' SU(2) +R2,2
The SU(3) theory is a Lagrangian theory, so its index is computed by the matrix integral 4
I =
∮
[dz]SU(3)PE[−τ 2χ8SU(3)(z1, z2)]PE[τχ3SU(3)(z1, z2)]PE[τχ3SU(3)(z1, z2)]
× PE[τχ6SU(3)(z1, z2)]PE[τχ6SU(3)(z1, z2)]
=
1
3!
∮
dz1dz2
(2pii)2z1z2
(1− (z1/z2)±)(1− z±21 z±2 )(1− z±1 z±22 )
× (1− τ
2)2(1− τ 2(z1/z2)±)(1− τ 2z±21 z±2 )(1− τ 2z±1 z±22 )
(1− τz±1 )2(1− τz±2 )2(1− τ(z1z2)±)2(1− τz±21 )(1− τz±22 )(1− τ(z1z2)±2)
.
4For simplicity, we set the fugacities of the U(1)2 flavor symmetry to 1.
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Summing the residues at the poles inside the unit circle (taking |z1| = |z2| = 1, τ < 1), we
arrive at
I = 1 + τ
2 + 2τ 3 + τ 4
(1− τ)3(1 + τ)(1 + τ + τ 2)2 . (4)
On the SU(2) side of the duality, the index is given by
I = 1
2!
∮
da
2piia
(1− a±2)IVSU(2)(a)IR2,2(a, a−1, 1),
where IVSU(2)(a) is the index of a free SU(2) vector multiplet. The integrand has poles inside
the unit circle at a = 0,±τ,±τ 3/2. Summing the residues, we reproduce (4). This gives
strong evidence that (2) indeed gives the index of the Argyres-Wittig SCFT.
3.3. Chiral ring
We can study the Hall-Littlewood chiral ring [27] of the Argyres-Wittig SCFT by taking the
plethystic log of (2):
PL[I] = τ 2(χ10Sp(2)(a1, a2) + 1) + τ 3(χ5Sp(2)(a1, a2)a33 + χ5Sp(2)(a1, a2)a−33 )− τ 4(χ5Sp(2)(a1, a2) + 1)
− τ 5((χ10Sp(2)(a1, a2) + χ5Sp(2)(a1, a2))a33 + (χ10Sp(2)(a1, a2) + χ5Sp(2)(a1, a2))a−33 )− . . .
where χ5(a1, a2) = 1 + χ
2
SU(2)(a1)χ
2
SU(2)(a2).
From this expression, we see that the chiral ring has generators at order 2 in the 100 +10
of Sp(2)×U(1) (which are the holomorphic moment map operators for the global symmetry),
as well as order 3 generators in the 53 + 5−3. These generators are subject to relations at
order 4 in the 50 + 10, as well as higher order relations.
We can understand the two relations at order 4 as follows. In [27,28], it was shown that
any 4D N = 2 SCFT contains families of protected operators whose correlation functions
possess the structure of a 2D chiral algebra. The existence of the chiral algebra structure
leads to additional unitarity bounds on central charges in the 4D theory, and saturation of
these bounds was shown to follow from Higgs branch chiral ring relations. The operators
counted by the Hall-Littlewood superconformal index fall into this class of protected opera-
tors, and from table 3 in [28], we see that the level of the Sp(2) factor in the global symmetry
group saturates the unitarity bound, which follows from an order 4 relation in the 5. It was
also shown in [28] that an order 4 relation in the 1 implies that the 2D chiral algebra has a
stress tensor given by the Sugawara construction, with central charge:
c2D =
k2Ddim GF
k2D + h∨
(5)
where the 2D central charges are related to those in 4D by c2D = −12c4D, k2D = −k4D2 .
Indeed, we find that
c4D = − 1
12
(
(−2)(10)
−2 + 1 + 1
)
=
19
12
.
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4. Higher N
We now consider the compactification of the 6D (2, 0) theory of type A2N on
[2N, 1]
[12N]
[12N]
and use the superconformal index to argue that these fixtures describe the R2,2N family of
interacting SCFTs, with no additional hypermultiplets.
The Hall-Littlewood index is given by
I(xi; τ) =
∑
λ1≥λ2≥···≥λN≥0
∏2
i=1K(xi)P (λ1,...,λN )Sp(N) (xi; τ)K(x3)P
(λ′1,...,λ
′
N )
SU(2N+1)(x3; τ)
KρP (λ
′
1,...,λ
′
N )
SU(2N+1)(xρ; τ)
(6)
where the sum runs over integers λi labeling Sp(N) irreps, and the corresponding SU(2N+1)
representations are given by (λ′1, . . . , λ
′
N) = (2λ1, λ1+λ2, . . . , λ1+λN , λ1, λ1−λN , . . . , λ1−λ2).
We can characterize these fixtures by the leading power of τ in the expansion of (6), as
follows [16]: The term coming from taking (λ1, . . . , λN) = (0, . . . , 0) in the sum is
1 + τ 2(χ
N(2N+1)
Sp(N) (x1) + χ
N(2N+1)
Sp(N) (x2) + 1) +O(τ 4),
encoding the manifest Sp(N)2N+2×Sp(N)2N+2×U(1) global symmetry. This global symme-
try is enhanced if there are additional terms at order τ 2 coming from the sum over non-trivial
representations. If there are also terms at order τ , then the fixture contains free hypermul-
tiplets along with the interacting SCFT.
Following [16], we give the leading behavior of (6) in terms of a vector v, with components
vi = (2N + 2− 2i) +
3∑
`=1
d
(`)
i (7)
where the first term is the leading power of τ from the denominator in (6), and the second
term is the leading power of τ from the punctures. For the full twisted punctures, d
(`)
i = 0
for all i, while for the minimal untwisted puncture we have
d
(3)
i =

2i− 2N − 1, 1 ≤ i ≤ N,
0, i = N + 1,
2i− 2N − 3, N + 2 ≤ i ≤ 2N.
Equation (7) then gives
6
vi =

1, 1 ≤ i ≤ N,
0, i = N + 1,
−1, N + 2 ≤ i ≤ 2N.
The leading power in τ of (6) is therefore given by
v · λ′ = (N + 1)λ1 + λ2 + · · ·+ λN + 0− (N − 1)λ1 + λ2 + · · ·+ λN
= 2(λ1 + λ2 + · · ·+ λN)
(8)
This is minimized by taking (λ1, λ2, . . . , λN) = (1, 0, . . . , 0), which gives v · λ′ = 2. Thus,
the fixture contains no free hypermultiplets. It is easy to check that the global symmetry is
enhanced to Sp(2N)2N+2 × U(1) by the index 1 embedding
Sp(2N) ⊃ Sp(N)× Sp(N)
Adj = (Adj,1) + (1,Adj) + (2N,2N)
and the level of Sp(2N) therefore saturates the unitarity bound in [28].
With n = 0, the S-duality is then given by (1), which implies that this SCFT has an
effective number of vector and hypermultiplets given by (nh, nv) = ((2N + 1)
2, (2N + 1)2 −
1 − N(2N + 1)), which encode the trace anomaly coefficients (a, c) = (nh+5nv
24
, nh+2nv
12
) =
(1+19N+14N
2
24
, 1+10N+8N
2
12
). We see that the 4D central charge is given by the Sugawara con-
struction:
c4D = − 1
12
(−(N + 1)2N(4N + 1)
−(N + 1) + 2N + 1 + 1
)
=
1 + 10N + 8N2
12
.
(9)
It is easy to check that the saturation of these unitarity bounds follows from chiral ring
relations at order τ 4 in the 10 + (
1
2
(4N+ 1)(4N− 2))0 of Sp(2N) × U(1) by taking the
plethystic log of (6).
A similar analysis can be carried-through for the R2,2N−1 theories. As already pointed
out in [28], the level of the Spin(4N + 2)4N−2 saturates the unitarity bound and the stress
tensor of the 2D chiral algebra takes the Sugawara form, (5).
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